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Rare events: examples
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Problems with rare events
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Logistic regression

Pr 𝑌 = 1 = 𝜋 = [1 + exp −𝑋𝛽 ]−1

• exp(𝛽)

exp 𝛽 =
Pr 𝑌 = 1 𝑋 = 𝑥0 + 1 /Pr(𝑌 = 0|𝑋 = 𝑥0 + 1)

Pr 𝑌 = 1 𝑋 = 𝑥0 /Pr(𝑌 = 0|𝑋 = 𝑥0)

• L 𝛽|𝑋 =  𝑖=1
𝑛  𝜋𝑖

𝑦𝑖 1 −  𝜋𝑖
1−𝑦𝑖

• n

• 𝛽 𝑦𝑖 = 1



•
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Penalized likelihood regression

log𝐿∗ 𝛽 = log 𝐿 𝛽 + 𝐴(𝛽)

• 𝐴 𝛽 = −𝜆∑𝛽2

• 𝐴 𝛽 = −𝜆∑|𝛽|

• 𝐴 𝛽 =
1

2
log det(𝐼 𝛽 )
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Firth‘s penalization for logistic regression

𝐿∗ 𝛽 = 𝐿 𝛽 det( 𝐼 𝛽 )1/2,

𝐼 𝛽 𝐿 𝛽
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Firth‘s penalization for logistic regression

𝐿∗ 𝛽 = 𝐿 𝛽 det( 𝐼 𝛽 )1/2,
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Firth‘s penalization for logistic regression

𝐿∗ 𝛽 = 𝐿 𝛽 det(𝑋𝑡𝑊𝑋)1/2

𝑊 = diag expit Xi𝛽 (1 − expit Xi𝛽 )

= diag(𝜋𝑖 1 − 𝜋𝑖 )

•

𝑊 𝜋𝑖 =
1

2
𝛽 = 0
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2
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Firth‘s penalization for logistic regression
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Firth‘s penalization for logistic regression
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Firth‘s Logistic regression

1/2

=
2

50
= 0.04

= 11

=
3

52
~0.058

= 9.89
= 0.054



Example of Greenland 2010

320

32

346 6 352

=
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352
= 0.091 =

33

354
= 0.093

= 2.03 = 2.73
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33

346.5 6.5 354



Greenland example: likelihood, prior, posterior



Bayesian non-collapsibility:
anti-shrinkage from penalization
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An even more extreme example
from Greenland 2010
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Simulating the example of Greenland
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Simulating the example of Greenland
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Simulating the example of Greenland
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logF(1,1) prior (Greenland and Mansournia, 2015)
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𝐿 𝛽 ∗ = 𝐿 𝛽 ⋅  
𝑒

𝛽𝑗
2

1+𝑒
𝛽𝑗

.

∗ ∗ ∗
∗ ∗ ∗
∗ ∗ ∗
∗ ∗ ∗
∗ ∗ ∗
∗ ∗ ∗
∗ ∗ ∗

∗ ∗ ∗
∗ ∗ ∗
∗ ∗ ∗
∗ ∗ ∗
∗ ∗ ∗
∗ ∗ ∗
∗ ∗ ∗



Simulating the example of Greenland
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Simulating the example of Greenland
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Other, more subtle occurrences
of Bayesian non-collapsibility
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Simulation of bivariable log reg models

• 𝑋1, 𝑋2~Bin(0.5) 𝑟 = 0.8, 𝑛 = 50

• 𝛽1 = 1.5 𝛽2 = 0.1 𝜆

𝝀

𝛽1

𝛽1

𝛽2

𝛽2

𝜷𝟐



Anti-shrinkage from penalization?
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Reason for anti-shrinkage
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Example of Greenland 2010 revisited

320

32

346 6 352

321

33

347 7 352

•



FLAC: Firth‘s Logistic regression with Added Covariate
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FLAC: Firth‘s Logistic regression with Added Covariate

 

𝑖=1

𝑁

𝑦𝑖 − 𝜋𝑖 𝑥𝑖𝑟 + ℎ𝑖

1

2
− 𝜋𝑖 𝑥𝑖𝑟 = 0; 𝑟 = 0, … , 𝑝

ℎ𝑖 𝐻 = 𝑊
1

2𝑋 𝑋′𝑊𝑋 −1𝑋𝑊1/2
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(1 − 𝑦𝑖 − 𝜋𝑖) = 0



FLAC: Firth‘s Logistic regression with Added Covariate
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FLAC: Firth‘s Logistic regression with Added Covariate
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FLAC: Firth‘s Logistic regression with Added Covariate



FLIC



Simulation study: the set-up
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Other methods for accurate prediction
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𝐿 𝛽 ∗ = 𝐿 𝛽 det(𝑋𝑡𝑊𝑋)𝜏, 𝜏 = 0.1,

•

•

•



Cauchy priors (CP)
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bayesglm arm.



Simulation results

•  𝛽

•  𝛽

•

•  𝜋



Predictions:        bias RMSE
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Predictions:        bias RMSE



Predictions:        bias RMSE



Predictions:        bias RMSE



Comparison

FLAC
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Bayesian methods (CP, logF)
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Confidence intervals
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• a-priori
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Conclusion
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